The models with the gauge group SU (3)c × SU (3)L × U (1)X (331-models) have been advocated to explain why there are three fermion generations in Nature. As such they can provide partial understanding of the flavour sector. The hierarchy of Yukawa-couplings in the Standard Model is another puzzle which remains without compelling explanation. We propose to use Froggatt-Nielsen -mechanism in a 331-model to explain both fundamental problems. It turns out that no additional representations in the scalar sector are needed to take care of this. The traditional 331-models predict scalar flavour changing neutral currents at tree-level. We show that they are strongly suppressed in our model.
Introduction.
The hierarchies and structure of the fermion sector of the Standard Model (SM) are not well understood despite large amount of data over the decades. Understanding the number of generations has been attempted using models with an extended gauge group SU (3) c × SU (3) L × U (1) X [1] [2] [3] [4] . In these so-called 331-models the chiral anomalies are cancelled if the numbers of triplets and antitriplets are equal. This is possible only if the number of generations is 3n, with integer n. Assuming in addition the SU (3) c asymptotic freedom, only possible number of generations is three. * Although the 331-models give a possible explanation for the number of generations, they do not shed any light on vastly different masses among the generations. One possibility is to explain the masses dynamically within the Froggatt-Nielsen -mechanism (FN) [6] , according to which the mass differences between generations follow from suppression factors which depend on FN charges of particles.
So far no attempt to combine these two approaches has been made to the best of our knowledge. We will propose a model, where the flavon of the FN mechanism is emulated by a combination of other scalars in the model. In frameworks with Higgs doublets a combination of two electrically neutral fields has been used previously [7] .
We will consider here a model, where the gauge symmetry of a 331-model is broken by three scalar triplets, which is the minimum amount of triplets to break the symmetry and generate tree-level masses for all the charged fermions. An attractive feature of our model is that the SU (3) L × U (1) X breaking scale is at the same time the scale of flavour symmetry breaking.
After reviewing essential parts of the 331-model, we discuss how the Froggatt-Nielsen -mechanism can be included in the 331-framework. We also demonstrate that the flavour changing neutral currents, which inevitably manifest themselves in 331-framework, do not pose a problem in the model. Essential in the structure is that suitable FN charges are assigned to all the fields in the model.
Particle content in the 331-model. The symmetry breaking of a 331-model is more involved than in the case of the Standard Model, since two stage breaking is needed:
Using the three diagonal generators T 3 , T 8 and X, the electric charge of particles can be defined as
Different values of β have been considered in literature. β = ± √ 3 and β = ±1/ √ 3 lead to integer charges for gauge bosons and scalars, see e.g. [8] . We will use β = − 1 √ 3
, with which there are no exotic electric charges.
only two types of scalar triplets with neutral components can be formed. In order to generate tree-level masses for all the fermions, three scalar triplets are needed [2] . In our work we consider a model with three scalar triplets,
where η ∼ (1, 3, 
All the neutral fields can in general develop a nonzero vacuum expectation value (VEV). Degenerate minima are related to each other by SU (3) L rotation. Thus, the most general combination of VEVs can be written as
Here
, and thus we expect v 2 , u ≫ v ′ , v 1 . As required by anomaly cancellation, the same number of triplets and antitriplets is needed. Here this is achieved by assigning the leptons and one of the quark families to SU (3) L -triplets, while two quark families belong to antitriplets. The leptons are given by
e R,i ∼ (1, 1, −1).
The fields ν ′ i are new neutral leptons. We choose to assign first quark generation into triplet and the second and the third into antitriplet:
We have introduced new quarks D 1 and D 2 with electric charge −1/3 and U with electric charge 2/3. When we take into account the colour, there are six fermion triplets and six antriplets.
Froggatt-Nielsen -mechanism. Froggatt and Nielsen proposed a new symmetry, so-called flavour symmetry (e.g. a U(1) or Z N ), to be responsible for the huge differences in fermion masses in the Standard Model [6] . The FN charge assignment is such that the SM Yukawacouplings are forbidden, but the following effective operator is allowed:
where c f ij is a dimensionless order-one number, Λ is the scale of new physics, ψ i are SM fermions, H is the SM Higgs doublet and φ is a complex scalar field called flavon. The SM Yukawa couplings are generated as effective couplings when flavon gets a VEV
Our purpose here is to mimick the gauge singlet flavon by a combination of the existing scalars in the model.
Froggatt-Nielsen -mechanism in the 331-model. We introduce a global U (1) F N -symmetry (Froggatt-Nielsen) to our model. Fermions and scalars are charged under it. Two of the three triplets in (2) carry necessarily the same U (1) X charge. For our purposes this is crucial, since the combination ρ † χ is a gauge singlet. Therefore, it can act as a flavon field when developing a VEV, if the FN charge of the combination does not vanish. We take the FN charge of scalar triplets as follows:
The effective flavon obtains a non-zero vacuum expectation value
The relevant effective operator is now
where (c f s ) ij is a dimensionless order-one number. Thē ψ f L,i and f R,j represent the fermion (anti)triplets and singlets with FN charges q(ψ f L,i ) and q(f R,j ), respectively. S denotes any of the three scalar triplets η, ρ or χ with which the combination is a gauge singlet. The (n s f ) ij is determined by the FN charge assignment,
Here v 2 ∼ u is responsible for both the SU (3) L × U (1) X breaking and of the flavour symmetry breaking, while Λ is the scale of new physics. For simplicity we have chosen to work with charge assignments that keep (n s f ) ij nonnegative † . As one expands (12) around the minimum one obtains
where we have kept only the renormalizable contributions. The first term gives the fermion masses and the usual Yukawa interaction:
The other term of (14) is the artefact of the FroggattNielsen -mechanism introducing a source of flavour violation into the model. The flavour violating term is, however, suppressed by the SU (3) L breaking scale, u and v 2 , in the case of the SM fermions. Therefore, the flavour violation coming from this additional term is negligible. † If (n s f ) ij were negative, we would include χ † ρ instead of ρ † χ.
Symmetry breaking and the bosonic sector. The most general scalar potential of our model, consistent with Froggatt-Nielsen -mechanism is:
One scalar and seven pseudoscalar massless degrees of freedom are needed for the missing polarization states of the gauge bosons of the model, namely the Z, W ± of the SM, new heavy charged gauge bosons, a heavy neutral gauge boson, and a non-Hermitian heavy neutral gauge boson. Thus, in the physical spectrum one has four scalars, two pseudoscalars, and two charged Higgs bosons.
From the covariant derivative, one finds the usual masses for Z and W ± gauge bosons, if the triplet VEVs satisfy the relation [9] 
where v sm = 246 GeV, v light = v ′ , v 1 , and v heavy = u, v 2 . The global U (1) F N -symmetry is spontaneusly broken by the scalar field VEVs, and one of the pseudoscalars will be a massless Goldstone boson. In order to give a mass for the Goldstone boson, we add the following soft FN symmetry breaking term to the potential:
One of the scalar eigenvalues is given by light VEVs corresponding to the experimentally detected Higgs boson mass. The remaining three scalars as well as the charged Higgses are heavy with masses proportional to large VEVs and decouple. One of the physical pseudoscalars is heavy, and the mass of the pseudo-Goldstone boson, A 2 , is proportional to the soft parameter b.
Fermion masses in FN331-model. The Lagrangian for the charged leptons is straightforwardly The mass matrix is proportional to the Yukawacoupling matrix. Both will be diagonalized simultaneously.
As for neutrinos, with the fields in (4), one of the neutrinos gets mass only radiatively, at the same time raising degeneracy from the masses of the other two. Such an approach is demonstrated e.g. in [2] . This is the approach we adopt here. ‡ The up-quark mass matrix elements (the analogous matrix for down quarks would contain one row more, because of the two new quarks) in the basis
where γ = 1, 2, 3, 4.
In 331-setting the hierachy of the matrix elements is determined by the FN charge assignment and different VEVs, in contrast to traditional FN mechanism, where the hierarchy is set solely by the charge assignment. The hierarchy of VEVs, u, v 2 ≫ v 1 , v ′ , greatly affects the hierarchy in the matrix. We rewrite the elements of the mass matrix to clarify the hierarchy:
where the quantities in square brackets are order-one numbers, and therefore the hierarchy is completely set by the powers of ǫ. The a u γ are :
The difference between two symmetry breaking scales manifests itself as effective left-handed charges, analogous to FN charges of the left-handed fermion doublets in the original FN mechanism. This way, the textures of the diagonalization matrices can be easily obtained.
Suppression of flavour changing neutral currents. In the 331-models anomaly cancellation requires to assign one quark generation to a different representation than the rest. The quarks, therefore, will couple to multiple scalar triplets, and 331-models generally predict scalar mediated FCNCs of quarks at tree-level [10] . An important feature of any flavour model is that the flavour ‡ Tree-level masses can also be produced, if new neutral fermions N R,i , i = 1, 2, 3, are introduced [9] .
changing neutral currents (FCNC) must be adequately suppressed. Although this is not the main motivation in the current work, we shortly discuss the reason for the suppression in the model, and return to this in another work [9] . The gauge sector in our model remains the same as in other 331-models, and the GIM-mechanism [11] has been studied in 331-models previously [12] . Although most of the scalars are heavy, the FCNC mediated by the lightest Higgs, h, or by the pseudoGoldstone boson A 2 can be large. Here we assume that b is large, which suppresses the FCNC by A 2 , and concentrate on the Higgs boson.
In our model the charged lepton generations are assigned to same representations, and the only flavour violating couplings to the neutral scalars are due to the FN -mechanism, coming from the second term in (14). However, it is suppressed by the large SU (3) L -breaking VEVs, and is negligible.
The Yukawa interactions of quarks with the lightest Higgs boson can be written as
where the quark gauge eigenstates have been rotated to the physical states by U u,d
L,R matrices. We ignore here the heavily suppressed FN contributions to Yukawa interactions of the quarks. The physical Yukawa couplings are
By using the explicit form for the coupling matrices and approximating the h eigenvector, we can write the coupling matrix in the form:
where
) ij follow a similar pattern. We assume
which can be ensured by a proper choice of FN charges. Rotation matrix elements then satisfy (U u L ) ij ∼ ǫ Conclusion. It is interesting that Froggatt-Nielsen -mechanism, with which the hierachical structure of fermions can be realized using gauge singlet combination of triplets as an effective flavon, can be embedded in a 331-model in which the number of generations can be understood. Furthermore, the scale of the flavour breaking is the same as the breaking scale of the symmetry of the model. In order to form an effective flavon, no new scalar triplets beyond those, which are needed to generate the tree-level masses for the particles, are necessary.
